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Ion association in model ionic fluids
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Monte Carlo simulations are used to investigate the temperature and pressure~density! dependence of ion
association in the restricted primitive model. It is shown that at temperatures below the critical temperatureTc

the vapor consists almost exclusively of strongly bound ion pairs at or near contact. Significant ion-pair
dissociation begins at temperatures very nearTc . This raises the possibility that compositional fluctuations
between strongly bound and free ions influence the critical behavior. We note qualitative similarities between
the present results and the Kosterlitz-Thouless transition in the two-dimensional Coulomb gas.
@S1063-651X~99!03107-4#

PACS number~s!: 64.60.Kw, 05.70.Jk, 64.60.Fr, 64.70.Fx
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The critical behavior of ionic fluids is an unresolved pro
lem despite being the subject of intense experimental
theoretical study. The current experimental data are incon
tent. Singh and Pitzer@1# and Zhanget al. @2# have found
classical critical behavior for the same system in the redu
temperature range 1021,t,1024, wheret5uT2Tcu/Tc and
Tc is the critical temperature. Subsequent studies by Sch¨er
et al. @3# and Wiegandet al. @4#, however, could not repro
duce these results. For a different compound Weinga¨rtner
et al. @5# find evidence of classical behavior down to t
lowest t accessible to experiment, whilst subsequent stud
of the same material exhibit classical-to-Ising crosso
@6,7#. Very recent experiments@8# have not resolved this
question, but find exponents that vary from Ising towa
mean field as the dielectric constant of the solvent is redu

The simplest theoretical model of ionic fluids is the r
stricted primitive model~RPM!. The RPM consists of an
electroneutral mixture of charged hard spheres, with eq
diameterss and point charges6q at the sphere centers
immersed in a continuum with dielectric constantD. Some
useful reduced quantities are as follows: pressureP*
5PDs4/q2; temperatureT* 5kBTDs/q2, wherekB is Bolt-
zmann’s constant; densityr* 5rs3, wherer5N/V, N is the
total number of ions andV is the volume. Despite being
simple model, the nature of its criticality is still unclear an
there is even some uncertainty in the location of the criti
point. The two most recent computer simulation estimate
the critical point are by Orkoulas and Panagiotopoulos us
Gibbs ensemble Monte Carlo$Tc* 50.053, rc* 50.025% @9#
and by Caillol et al. using finite-size scaling Monte Carl
~MC! $Tc* 50.049, rc* 50.080% @10#. In the latter study
Caillol et al. find evidence of Ising criticality whilst Valleau
and Torrie @11# find classical behavior in the constan
volume heat capacity from MC simulations. For thorou
reviews of RPM theories see Refs.@12,13#.

It is not known to what extent the molecular nature of t
solvent influences the critical behavior of ionic solution
However, computer simulations of charged hard spheres
mersed in model low-dielectric-constant solvents indic
that the location of the critical point and the gross features
the coexistence curve are not greatly altered@14#.

It is known @12,13,15# that ion association plays a cruci
rôle in determining the location and shape of the liquid-vap
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coexistence curve in the RPM. The purpose of the pres
paper is to describe interesting features of ion associatio
the RPM which may influence the criticality of the conde
sation. We report computer simulation results that indic
three regimes of ion association as the temperature is
creased along an isobar or isochore. At low temperatures
vapor consists almost exclusively of strongly bound ion pa
at, or close to, contact. At a temperatureTd* the ions begin to
dissociate significantly; this is signaled by a rapid increase
the apparent dielectric constant and by the appearance
‘‘free-ion’’ peak in the nearest-neighbor probability distribu
tion. Beginning atTd* , there is a regime of rapid ion-pai
dissociation, which results in a maximum in the heat cap
ity at a higher temperatureTm* . At densities below the criti-
cal density,Td* coincides withTc* within simulation accu-
racy.

We have performed MC simulations of the RPM in th
NPT ensemble@16#. The vapor was studied by varying th
temperature along various isobars. In most simulations s
tem sizes were eitherN5108 or 216 ions; finite-size effect
were assessed for one isobar by comparing simulations
N5108, 216 and 432 ions. The long-range Coulomb pot
tial was treated using Ewald sums assuming a conduc
continuum surrounding the periodic array of cubic cells@17#.
A Monte Carlo cycle consisted of trial displacements ofN
randomly selected ions and two attempted volume chan
For each state point, equilibration runs of about
3105 MC cycles were performed, followed by a productio
run of 1 –53105 MC cycles over which 20 block average
were accumulated. Statistical errors were estimated by tr
ing each block average as an uncorrelated measurem
Single-particle MC moves proved adequate at the temp
tures simulated in this work. We were able to reprodu
exactly Caillol’s MC simulations forT* ,Tc* @18#, which
employed cluster moves@19#.

In Fig. 1 the low-density phase diagram of the RPM
presented, with the liquid-vapor coexistence curve being
calculated by Orkoulas and Panagiotopoulos@9#. Figure 1
shows the isobars simulated in this work along with the te
peratureTm* corresponding to the maximum in the heat c
pacity along each isobar. TheTm* curve given by a simple
two-particle theory, described below, is shown. Estimates
1063 ©1999 The American Physical Society
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Td* , obtained as discussed below, are also indicated in
figure. The three lowest isobars are clearly subcritical, i
these pressures are below the critical pressure. The is
with P* 51.531024 appears to be close to the critical is
bar, while the two highest isobars are supercritical.

The isobaric heat capacity per particle,CP /NkB , was cal-
culated along each isobar using the usual enthalpy fluc
tion formula@16#; the results are shown in Fig. 2. Along th
three subcritical isobars very strong peaks occur at temp
tures in the range 0.085<T* <0.095, i.e., well above the
critical temperature. As the system passes through the h
capacity peak the energy decreases by a factor'5. Thus,
one might conclude that the heat-capacity peaks sign
crossover from a low-temperature strongly bound vapor t
high-temperature ‘‘free-ion’’ vapor. We shall return to th
point below. ForP* 53.031025 we show the results fo
three system sizesN5108, 216, and 432@Fig. 2~b!#; no sig-
nificant finite-size effects are apparent, at least on the len
scales accessible to computer simulation. The near-cri
isobar@Fig. 2~d!# shows a weak feature atT* .0.095. As the
pressure is raised the peaks in the heat capacity broaden
become less strong until atP* 51.031023 no distinct fea-
ture is apparent. ForP* 53.031025 and 5.031025 @Figs.
2~b! and 2~c!# the results forT* ,0.05 show the onset of th
condensation peak. ForP* 51.531024 and 2.531024

@Figs. 2~d! and 2~e!#, which likely bracket the critical isobar
the tails of the heat-capacity peak reach as far down as
estimated critical point. From the heat capacity results in F
2 we were able to estimate the location of the maximaTm* for
all but the highest isobar and these estimates are include
the phase diagram in Fig. 1.

One can write down a simple theory of ion-pair assoc
tion which is qualitatively consistent with the heat-capac
results. Consider a gas of oppositely charged ion pairs, w
each pair is constrained to a spherical cell of volumev
52/r. We assume that there are no interactions between
ferent ion pairs and that each cell center is defined by
ion-pair center of mass. In this case the configurational in
gral Z2 of a given ion pair is

FIG. 1. Phase diagram showing isobars fromNPTMC ~dashed
lines! with, from left to right, P* 51.031025, 3.031025, 5.0
31025, 1.531024, 2.531024, and 1.031023. Also shown isTm*
from NPTMC ~crosses! and theory~upper solid line!, and estimates
of Td* from MC ~horizontal solid line!. The liquid-vapor coexist-
ence envelope~shaded! and critical point~dot! are from@9#.
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r 2 expH bq2

2Dr J dr, ~1!

whereb51/kBT, 2r is the interparticle separation, andR3

53/2pr, R being the radius of the cell. By expanding th
exponential, it is easy to carry out the integration and cal
late the constant-volume heat capacityCV . The heat capaci-
ties so obtained are in qualitative agreement with the sim
lation results. The simple two-particle theory describes
crossover between bound and unbound states and show
broadening of the peak with increasing density~and pres-
sure! seen in the simulations. As in the simulations, near
critical density the wings of the heat-capacity peak reach
far down as the critical temperature. The variation ofTm*
with density is shown in Fig. 1. At low density the crossov
is driven largely by the entropy increase upon dissociati
As the density is increased this entropy gain is reduced,
to the confinement of each ion pair to a cell of decreas
volume, and henceTm* rises. At high density the effect o
confinement is such that the distinction between bound
unbound states disappears, causingTm* to drop. The theoret-
ical predictions ofTm* agree with the simulation results we
within the estimated uncertainties in the latter~see Fig. 1!. In
the traditional Bjerrum and closely related theories of i
association an effective ion-pair configurational integral is
expression similar to Eq.~1!, except that the upper limi
RBjerrum51/2T* @12#. Hence, the Bjerrum theory does n
capture the correct density dependence of the width
maximum of the heat-capacity peak. Further, unlike our tw
particle model, the Bjerrum theory violates thermodynam
stability at high temperature and density@12#.

It is interesting to compare with earlier simulation studi
@20,21# of the Kosterlitz-Thouless transition@22# in the two-
dimensional~2D! Coulomb gas. In the low-density charge
hard-disk gas interactingvia a logarithmic Coulomb poten
tial there is a sharp transition between a low-temperat
insulator, where ions are bound, and a high-temperature
ductor, where the ions are free. This transition persists
zero density and occurs atkBT5q2/2 in that limit @22#.
Caillol and Levesque@20# introduced the order paramete

FIG. 2. Constant-pressure heat capacities fromNPTMC: ~a!
P* 51.031025, ~b! P* 53.031025, N5108 ~circles!, N5216
~squares!, and N5432 ~diamonds!, ~c! P* 55.031025, ~d! P*
51.531024, ~e! P* 52.531024, and~f! P* 51.031023.
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(«21)/«, where« is the dielectric constant of the gas. Th
order parameter rises abruptly from a small dens
dependent value to unity as the dielectric constant beco
infinite at the insulator-conductor transition. It is believ
that an infinite three-dimensional~3D! Coulomb gas is a con
ductor at all temperatures and densities@18,23#. Hence, in an
infinite system («21)/« would be unity at all temperatures
However, in simulations of systems of finite size the ‘‘app
ent’’ dielectric constant remains finite and provides at lea
qualitative measure of the temperature dependence of
free-ion concentration. In the present simulations« was ob-
tained using the expression«5114pb^M2&/3V, which is
that appropriate to conducting boundary conditions@24#. In
the calculation of the dipole moment,M5( i 51

N qir i , the ions
were allowed to leave the central simulation cell, as p
scribed by Caillolet al. @25#. We have checked carefully tha
^M &'0 in all simulations.

The ratio («21)/« is shown in Fig. 3 for the isobarP*
51.031025. NVT simulations were also performed for th
isochorer* 52.531024, which is close to densities alon
the isobar in the temperature range considered. TheNVT
results are included in Fig. 3. TheNPT andNVT results are
essentially coincident, and («21)/« rises quite sharply a
T* '0.05 giving a clear indication of the onset of ion-pa
dissociation. We refer to this temperature asTd* . We note
that for the finite-size systems considered in simulatio
(«21)/« increases nearly as sharply here as in the the
case~see Fig. 1 of Ref.@20#!. The («21)/« curve given by
the two-particle theory described above is included in Fig
The two-particle curve increases more slowly than the sim
lation result and decreases at high temperatures since in
two-particle model there is an upper limit on the ion sepa
tion. Again, this behavior is analogous to that observed in
2D system~see Fig. 2 of Ref.@20#!. Constant-volume and
constant-pressure heat capacities are also shown in Fig. 3
we see that they are indistinguishable, which implies t
(]V/]T)P is small. The heat capacities begin to increase
T* 'Td* with maxima occuring atTm* .Td* , just as in the 2D
system. While we do not wish to imply that there is a sha
insulator-conductor transition in the 3D RPM, we obser
that at finite densities the qualitative physical behavior is

FIG. 3. ~a! CV /NkB ~filled circles! from NVTMC with r*
52.531024 and CP /NkB ~open circles! from NPTMC with P*
51.031025, and ~b! (e21)/e from NVTMC with r* 52.5
31024 ~filled circles!, NPTMC with P* 51.031025 ~open circles!
and the two-particle theory~solid line!.
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unlike that of the 2D Coulomb gas@20#. A reasonable inter-
pretation is that the increase in («21)/« at Td* indicates a
relatively sharp crossover from a very weakly conducti
vapor to a much more strongly conducting vapor. It might
possible to observe this crossover experimentally by mea
ing the temperature dependence of the conductivity in v
dilute solutions.

To further investigate the onset of ion-pair dissociati
we have calculated the probability density distributionp(r )
of distances between nearest-neighboring ions of oppo
charge.p(r ) is given by

p~r !5K (
i 51

N

d~r 2min$r i j %!L , ~2!

where$r i j % is the set of distances between ioni and theN/2
ions of opposite charge,d(x) is the Dirac delta function, and
the angled brackets denote an ensemble average. In Fig.
show p(r ) in arbitrary units at various temperatures alo
the isochore withr* 52.531024. At the two lowest tem-
peratures,T* 50.045 and 0.050,p(r ) is very sharply peaked
at r 5s and decreases monotonically indicating that the
por consists almost entirely of strongly bound ion pairs at
near contact. AtT* >0.055, however,p(r ) shows a distinct
second peak at 10211s, with the peak height growing as th
temperature is increased. Moreover, the appearance o
second peak betweenT* 50.050 andT* 50.055 is com-
pletely consistent with the behavior of («21)/« and with
our identification ofTd* . At infinite temperature and low
density where correlations can be neglected,p(r )
52prr 2exp@22pr(r32s3)/3#. At r* 52.531024 this gives
a single broad peak with a maximum atr max/s
5(1/pr* )1/3510.8, which strongly resembles the seco
peak in Fig. 4. Thus, we associate the second peak w
‘‘free’’ or weakly correlated ions. We note that at the highe
temperature shown,T* 50.070, the second peak accounts f
less than 10% of the ions, but this is sufficient to produc
large dielectric constant («'113). We have carried out a
similar p(r ) analysis for the isochorer* 51.031022 and
the onset of significant ion dissociation again occurs atTd*
'0.05.

FIG. 4. p(r ) in arbitrary units fromNVTMC with r* 52.5
31024. From top to bottom:T* 50.070, T* 50.065, T* 50.060,
T* 50.055,T* 50.050, andT* 50.045.
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To conclude, our calculations indicate that at densit
below the critical density significant ion-pair dissociation b
gins quite sharply at a temperatureTd* , which is very close
to the critical temperature. BelowTd* the vapor consists al
most exclusively of strongly bound ion pairs at or near co
tact. This is completely consistent with the earlier obser
tion that the liquid-vapor coexistence curve of the charg
hard-dumbbell fluid is very close to that of the RPM@15#.
The fact thatTd* and Tc* practically coincide suggests tha
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fluctuations in the number of strongly bound ion pairs mig
play a rôle in the critical behavior of ionic fluids.
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@5# H. Weingärtner, S. Wiegand, and W. Schro¨er, J. Chem. Phys

96, 848 ~1992!.
@6# T. Narayanan and K. S. Pitzer, J. Chem. Phys.102, 8118

~1995!.
@7# M. Kleemeier, S. Wiegand, T. Derr, V. Weiss, W. Schro¨er, and
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